Further results for the Dunkl Transform 
and the generalized Cesaro operator 

Chokri Abdelkefi and Faten Rached * 

3 ■ 

Department of Mathematics, Preparatory Institute of Engineer Studies of Tunis 
1089 Monflcury Tunis, University of Tunis, Tunisia 
E-mail : chokri. abdelkefi@ipeit.rnu.tn 
E-mail : rached@math.jussieu.fr 



Abstract 

In this paper, we consider Dunkl theory on R d associated to a 
finite reflection group. This theory generalizes classical Fourier anal- 
ysis. First, we give for 1 < p < 2, sufficient conditions for weighted 
L p -estimates of the Dunkl transform of a function / using respectively 
the modulus of continuity of / in the radial case and the convolution 
for / in the general case. In particular, we obtain as application, the 
integrability of this transform on Besov-Lipschitz spaces. Second, we 
provide necessary and sufficient conditions on nonnegative functions (p 
defined on [0, 1] to ensure the boundedness of the generalized Cesaro 
operator C v on Herz spaces and we obtain the corresponding operator 
norm inequalities. 
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1 Introduction 

Dunkl theory generalizes classical Fourier analysis on It started twenty 
years ago with Dunkl's seminal work [9] and was further developed by several 
mathematicians (see [8, 11, 14, 16, 18]) and later was applied and generalized 

*This work was completed with the support of the DGRST research project 
LR11ES11 and the program CMCU 10G / 1503. 
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in different ways by many authors (see [3, 4, 5, 17]). A key tool in the study 
of special functions with reflection symmetries are Dunkl operators. These 
are commuting differential-difference operators Tj, 1 < i < d associated to 
an arbitrary finite reflection group W on an Euclidean space and to a non 
negative multiplicity function k. The Dunkl kernel has been introduced 
by C.F. Dunkl in [10]. This kernel is used to define the Dunkl transform 

K. Trimeche has introduced in [18] the Dunkl translation operators t x , 
x 6 R d , on the space of infinitely differentiable functions on R d . At the 
moment an explicit formula for the Dunkl translation T x (f) of a function / 
is unknown in general. However, such formula is known when the function 
/ is radial (see next section). In particular, the boundedness of t x is estab- 
lished in this case. As a result one obtains a formula for the convolution 
*£. In the case k = 0, the Tj reduce to the corresponding partial derivatives 

Therefore Dunkl analysis can be viewed as a generalization of classical 
Fourier analysis (see next section, Remark 2.1). An important motivation 
to study Dunkl operators originates in their relevance for the analysis of 
quantum many body systems of Calogero-Moser-Sutherland type. These 
describe algebraically integrable systems in one dimension and have gained 
considerable interest in mathematical physics (see [19]). 

Let f be a function in L p k (R d ), 1 < p < oo where L^(R d ) denote the 
space L p (R d ,Wk(x)dx) with Wk the weight function associated to the Dunkl 
operators given by 



u>k(x) = Y[ \(€> x )\ 2k ®> x£R d (see next section). 

The modulus of continuity 0J P: k(f) of first order of a radial function / in 
L^,(R d ) is defined by 




x > 0, 



where S^ -1 is the unit sphere on M. d with the normalized surface measure 
da. 

We use || || Pj fc as a shorthand for || H^^d). 
We set for / G L p k (R d ), 



u p ,k{f)(x) = sup ||/ * k (f) t \\p,k, x>0, 



0<t<x 

where <j> is a radial function in <S(M d ) satisfying 
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4>t being the dilation of 4> given by 4>t{y) = 2 ^ + d ) 4 ) {\)i f° r an * £ (0, +00) 

and y G R d . Note that T k {<h)(y) = M^v)- 

Obviously, oj p ^{f){x) and ui Pj k(f)(x) are nondecreasing in x. 

For (} > 0, 1 < p < +00, we define the weighted Besov-Lipschitz spaces 
(see [7] for the classical case) denoted by BVp' k as the subspace of radial 
functions f in L^,(R d ) satisfying 

sup 3 < +00. 

x>0 XP 

Let ip a nonnegative function defined on [0,1]. For a measurable complex- 
valued function / on M. d , we define the generalized Cesaro operator C v by 



C v f(x) = £ f(^)t-^ip(t)dt, 



x £ R d , 



where 7 = k(£) with R + a fixed positive root system (see next section). 

If k = 0, ip = 1 and d = 1, we obtain the classical Cesaro average operator 
C given by 

' f^lfdy, ifx>0 

C/(x) = < 

.-/foo^y, ifx<0. 

We define for /3 > and 1 < p, g < +00, the homogeneous Herz-type 
space for the Dunkl operators Hp'g (see [12] for the classical case) by the 
space of functions / in L p k (R d )i oc satisfying 

+00 1 

( £ (2^\\f Xj \\ p , k yy <+oo, 

j=—oo 

where Xj is the characteristic function of the set 

Aj = {i£l !i ; 2 j ~ 1 < \\x\\ < 2 j } for j G Z, 
and L^(R d )i oc is the space L[ oc (]R d , Wk{x)dx). 

In this paper, first we give for 1 < p < 2, sufficient conditions for 
weighted L p -estimates of the Dunkl transform J~k(f) of a function / using 
respectively the modulus of continuity oj p ^{f) of / in the radial case and 
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the convolution 0J Pj k(f) for / in the general case. In particular, we obtain as 
application, the integrability of this transform on the Besov-Lipschitz spaces 
BT>p ,k . This is an extension to the Dunkl transform on higher dimension of 
the results obtained by F. Moricz in [13] for the Fourier transform on the 
real line. Second, we provide necessary and sufficient conditions for C v to be 
bounded on the Herz spaces H^'q when (3 > 0, 1 < p < +oo, 1 < q < +oo 
and we obtain the corresponding operator norm inequalities. 

The contents of this paper are as follows: 
In section 2, we collect some basic definitions and results about harmonic 
analysis associated with Dunkl operators. 

In section 3, we give sufficient conditions for weighted L p -estimates of the 
Dunkl transform of function which we apply on the Besov-Lipschitz spaces. 
In section 4, we provide necessary and sufficient conditions for C v to be 
bounded on Herz spaces. 

Along this paper we denote by (., .) the usual Euclidean inner product 
in R d as well as its extension to C d x C d , we write for x 6 M. d , \\x\\ = (x, x) 
and we use c to denote a suitable positive constant which is not necessarily 
the same in each occurrence. Furthermore, we denote by 

• £{M. d ) the space of infinitely differentiable functions on M. d . 

• the Schwartz space of functions in £(M, d ) which are rapidly 
decreasing as well as their derivatives. 

• V(R d ) the subspace of £(R d ) of compactly supported functions. 

2 Preliminaries 

In this section, we recall some notations and results in Dunkl theory and 
we refer for more details to the surveys [15]. 

Let W be a finite reflection group on R d , associated with a root system 
R. For a G R, we denote by H Q the hyperplane orthogonal to a. Given 
(3 G M. d \ Uag/j H a , we fix a positive subsystem R + = {a € R : (a, (3) > 0}. 
We denote by k a nonnegative multiplicity function defined on R with the 
property that k is VF-invariant. We associate with k the index 

7 = E k & > o, 
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and and the weight function w k given by 

m*)= n i<Mi 2fc(o . x ^ Rd - 

w k is VF-invariant and homogeneous of degree 27. 

Further, we introduce the Mehta-type constant c k by 

( f , ^ ' ' 

c k = / e 2 w k (x)dx 

\JR<i 

For every 1 < p < +00, we denote by L^(M. d ), the space L p (R. d , w k {x)dx) 
and we use || \\ p ^ as a shorthand for || \\ l pi 



By using the homogeneity of degree 27 of w k , it is shown in [14] that for 
a radial function / in L^(R d ), there exists a function F on [0, +00) such that 
f(x) = F(||x||), for all x € R d . The function F is integrable with respect to 
the measure r 2 7+d-i^ r on [0, +00) and we have 

f(x)dv k (x) = f ( f f{ry)w k {ry)du{y)]r d ~ 1 dr 
Jo v is d - 1 J 

= J (J ^w k {ry)da{y))F{r)r d - l dr 
p+00 

= d k / Firy^+^dr, (2.1) 
Jo 

where S^ -1 is the unit sphere on M. d with the normalized surface measure 
da and 

d k = [ w k (x)da(x) = ° k . (2.2) 

Js*-i 2^+2-^(7+!) 

The Dunkl operators Tj , 1 < j < d , on M. d associated with the reflec- 
tion group W and the multiplicity function k are the first-order differential- 
difference operators given by 

Tjfix) = § L (x)+ /(X) 7 - / e m d ) , xeR d , 

x j aeR+ X ' 

where p a is the reflection on the hyperplane M a and ctj = (a, ej), (e±, . . . , e^) 
being the canonical basis of M d . 
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Remark 2.1 In the case k = 0, the weighted function w k = 1 and the mea- 
sure associated to the Dunkl operators coincide with the Lebesgue measure. 
The Tj reduce to the corresponding partial derivatives. Therefore Dunkl 
analysis can be viewed as a generalization of classical Fourier analysis. 

For y G C d , the system 

Tju(x,y) = yju(x,y), l<j<d, 

u(Q,y) = 1. 

admits a unique analytic solution on W 1 , denoted by E k (x, y) and called the 
Dunkl kernel. This kernel has a unique holomorphic extension to C d x <C d . 
We have for all A G C and z,z' G C d , E k (z,z') = E k (z',z), E k (Xz,z') = 
E k (z,Xz') and for x,y G R d , \E k (x,iy)\ < 1. 

The Dunkl transform F k is defined for / G V(R d ) by 

J 7 k (f)(x) = c k f(y)E k (-ix,y)w k (y)dy, x G R d . 
J«. d 

We list some known properties of this transform: 

i) The Dunkl transform of a function / G L^(R d ) has the following basic 
property 

||J r fc(/)||oo,fc < H/Hl,* - 

ii) The Dunkl transform is an automorphism on the Schwartz space 

iii) When both / and F k (f) are in L^(IR d ), we have the inversion formula 

f(x)= / T k (f)(y)E k (ix,y)w k (y)dy, x G R d . 

iv) (Plancherel's theorem) The Dunkl transform on 5(lR <i ) extends uniquely 
to an isometric automorphism on L^(M rf ). 

Since the Dunkl transform J- k (f) is of strong-type (l,oo) and (2,2), then 
by interpolation, we get for / G L^(R. d ) with 1 < p < 2 and p' such that 
| + ^ = 1, the Hausdorff- Young inequality 

\\Mf)V,k<c\\f\\ p , k . 
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The Dunkl transform of a radial function in Ll(R d ) is also radial and could 
be expressed via the Hankel transform. More precisely, according to ([14], 
proposition 2.4), we have the following results: 

/ E k (ix,y)w k (y)da(y) = d k j,d_ 1 (\\x\\), (2.3) 

and 



F k {f)(x) = j (jf ^E k (-ix,y)w k (y)da(y))F{r)r^ +d - l dr 

= c^U i+d {F){\\x\\), x £ R d , (2.4) 



where F is the function defined on [0, +oo) by i^(||a;||) = f(x), x £ R d , 
'H J+ d_ 1 is the Hankel transform of order 7+ 1 — 1 and j^ + d_ 1 the normalized 

Bessel function of the first kind and order 7 + | — 1 . 
The integral representation of j a , a > — \ is given by 



j a {\x) = 2 ^ a + 1 j f (1 _ t 2 ) a --5 cos(\xt)dt forx £ M and A £ C.(2.5) 
Vvrr(a + i) Jo 

We note that 



Vvrr(a + i) Jo 



K. Trimeche has introduced in [18] the Dunkl translation operators t x , 
x £ R d , on £(R d ) . For / £ S(R d ) and x, y £ R d , we have 

MrAf))(y) = E k (ix, y)F k {f){y). (2.7) 

Notice that for all x,y £ R d , T x (f)(y) = T y (f)(x) and for fixed x £ R d 

t x is a continuous linear mapping from £(M d ) into £ (R d ) . 

As an operator on L|(IR d ), t x is bounded. A priori it is not at all clear 
whether the translation operator can be defined for L p - functions with p 
different from 2. However, according to ([17], Theorem 3.7), the operator t x 
can be extended to the space of radial functions in L^,(R d ), 1 < p < 2 and 
we have for a radial function / £ L p k (R d ) 



T x (f)\\p,k<\\f\\ P ,k. 



(2.8) 
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The Dunkl convolution product * k of two functions / and g in L^(M d ) 
is given by 

(/ *k9)(x)= T x (f)(-y)g(y)w k (y)dy, xeR d . 

The Dunkl convolution product is commutative and for /, g G V(R d ), we 
have 

W *k 9) =F k {f)F k (g). (2.9) 

It was shown in ([17], Theorem 4.1) that when g is a bounded radial function 
in Ll(R d ), then 

(/ *k9){x)= f{y)T x {g){-y)w k {y)dy, x£R d , 

initially defined on the intersection of Ll(R d ) and L|(R d ) extends to L^(R d ), 
1 < p < +oo as a bounded operator. In particular, 

11/ ** slU* < ll/IUfcNIi,*- (2.io) 

3 Weighted L p -estimates for the Dunkl transform 
with sufficient conditions 

In this section, we give sufficient conditions for weighted L p -estimates of the 
Dunkl transform of function which we apply on the Besov-Lipschitz space. 

Throughout this section, we denote by p' the conjugate of p for 
1 < p < 2. According to (2.8) and (2.10), we recall that : 

• The modulus of continuity uJ Pjk (f) of first order of a radial function / in 
L\ (R d ) is defined by 

u P ,k(f){x)= sup / \\T tu (f) ~ f\\ P ,kdcr(u), x>0. 

0<t<x JS d - 1 

• We set for / G L p k (R d ), 

u P ,k{f)( x ) = SU P \\f *k 4>t\\ P ,k, x>0, 

0<t<x 

where <p is a radial function in 5(M d ) satisfying 

3 c>0; \M<P)(y)\>c, V|/e{z£f d : i < \\z\\ < l}. 
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4>t being the dilation of 4> given by 4>t{y) = \d ) 4 > {t )i f° r an * e (0, +00) 
and y G R d . 

For 9 > 1, we introduce a class of nonnegative Wfedocally integrable 
radial functions on {x G M rf : ||x|| > 1} which we denote by Gg. We said 
that a function g belongs to the class Gq if there exists a constant kq > 1 
such that for r\ = 1, 2, ... 

( f g(2^z) e w k (z)dz) < n e f g(2^z)w k (z)dz. (3.1) 

\Ji<\\4<2 J H<\\4<i 

If we set 

C v = {yeR d : 2" < ||y|| < 2'' +1 }, for r, = 0, 1, 2, 

then using (2.1) and the change of variables y = 2 v z, we can write (3.1) in 
the form 

( / g(y) d w k (y)dy ) 6 < Ke 2"(V)(W) f g(y) Wk {y)dy. (3.2) 

VCr, I JC V -1 



Example 3.1 If g = const, then g G Gq where we choose 

^(w) i_1 - 

Theorem 3.1 Let 1 < p < 2 and f be a radial function in L^(R d ). Then 
for 1 < q < p' and g G G p , we have 

p-qp+q 

[ g (y)\Mf)(y)\ q My)dy < c [ g(y)\\y\r^ +d) ^ k (f)(^r)w k (y)dy, 

J\\y\\>2 J\\y\\>l P ' \\y\\ 

where C is a constant depending only on p and q. 

Proof. Let / be a radial function in L p k (R d ) for 1 < p < 2, then by (2.7) 
we have 

Fk{T xu {f) ~ f)(y) = {E k (ixu,y) - l)T k f(y), 
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u G S^ 1 , x G [0, +00) and a.e y G R d . 

We can assert by Haussdorf- Young's inequality that 



m(r xu {f)- f)\\ P ',k = ^ d \T k f(y)\ p '\E k (ixu,y)-l\ p 'w k (y)dyY 

< c\\T xu (f) - f\\ Pjk . (3.3) 



On the other hand, from (2.1) and (2.4), we get 
Ck I \F k f(y)f\E k (ixu,y)-lfw k (y)dy 



= J " IK^.^WI (J i \E k (irxu,z) - if w k (z)da(z)\ r^+^dr, 

where r = ||y|| and F is the function defined on (0, +00) by F(||y||) = f(y) 
for all y G M. d . 

By (2.2), (2.3) and Holder's inequality, we have 
4|i 7+ J_iN - 1| 



/ [E k {ixru,z) - l]w k (z)da(z)\ 

^ w k (z)da(z)^j " [J d ± \E k (ixru, z) - Vf w k (z)da(zf) p 

1 r 1 

< 4 (J i \E k (ixru,z)-lfw k (z)da(z)y. 



< ( 



is d 

According to (3.3), it follows that 

"+00 



\ \n^ x {F){r)f \ h + d __ x {rx) - ifr^-'dr < c\\r xu (f) ~ /ll£, fe (3.4) 
jo 2 2 

Integrating the two members of (3.4) over S"* -1 , this yields 

1 

J o in^^iF^flj^^rx) - ifr^+^dr) < CUptk (f)(x)(3.5) 
From (2.5) and (2.6), we get 
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then, we obtain 



4r( 7 + 
d 



2' 



- /V - ^ 2 C-f)dt < \ h+i _ x (rx) - 1|. 



Let x = Tp^fT, t] = 1, 2, ... For t £ [5, 1[ and y G C^, we have 



7T rxt 7T 

- < < -, 

8 - 2 - 2' 



which gives that 



4r( 7 + f)sin 2 (f) ! 

0Fr( 7 + f 2 , 

Hence from (3.5), we find that 



1 

c2 r >+ 1 



\j v in^^FXrW'r^^drj < CUptk (f)(JL-). (3.6) 

Now, take g G G_p__ and put £r(||2/||) = <?(y)> for y 6 Applying 
Holder's inequality, it follows from (2.1), (3.2) and (3.6) that 

-2'»+ 1 

( /•2"+ 1 \ V ( r 2"+ 1 p / \ ^ 

< C K^2-^^< fc ( / )(-^ T ) T ^r^ 1 *. 

Then, we deduce 

r+00 

J2 2 



+00 „2 ,? 

< c n v > ^ 2"^ (27+d) < fe (/)(^l) / Kry^dr. 
p'-q v=1 z ' J2''- 1 

Using the monotonicity of oj p ^{f){x) in x > and the fact that ^tt < 7 5 
2 p' v < r v' , we obtain 



12 



C. AbdelkeR and F. Rached 



J 2 

+00 „2 T? 

< ck p , W ff(r)f-? (27+rf) ^(/)(-)^- 1 rfr 

< ck p , 5(0^^ (27+d) < fe (/)(-)^ 27+<i " 1 ^- (3-7) 
By (2.1), (2.4) and (3.7), we conclude that 

/ g(y)\T k (f)(y)\ q w k (y)dy < C [ g (y)\\y\\-^ +d ^l k (f)(^Tr)w k (y)dy, 

J\\y\\>2 ^l|j/||>l ll^ll 

where C = c n p > is a constant depending only on p and q. Our theorem 



V 

-1 



is proved. □ 
In particular, for the case g = const and / G BVp' k , we obtain as 
application of Theorem 3.1, the following result which is of special interest 
and was proved in [1, Theorem 3.2]. 

Corollary 3.1 Let p > 0, 1< p < 2 and f G BV^ k , then 
1. For < (3< 2(7 ^ } , we We 



2(0/ + 

J" fc (/) G L\ (R d ) provided that < q < p' . 

'• Pp + 2( 7 +l)(p-l) 



2. For /3 > ^±12, we have T k (f) G L\ 

Theorem 3.2 Let 1 < p < 2 and f be a function in L^,(R d ). Then for 
1 < q < p' and g G G v we have 

p-qp+q 

I g{y)\F k {f){y)\ q w k {y)dy <C I g( y )\\y\\-7^tf (f)(*) Wk ( y )dy, 

J\\y\\>2 J\\y\\>l P ' WW 

where C is a constant depending only on p and q. 

Proof. Let / be a function in L p .(K. d ) for 1 < p < 2, then by (2.9) we have 
for x G (0, +00), 

F k {f * k 4>x)(y) = F k (f){y)F k {<t>x){y) , 

= T k {f)(y)T k (cj>)(xy) , a.e. y G M. d . 
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Using Haussdorf- Young's inequality, we obtain 



H-W *k <f> x )\\j/, k = (J^ W{y)\ p \F k (<p)(xy)\P w k (y)dy^ 

< C\\f * k 4>x\\p,k 

< cu>l k (f)(x). (3.8) 
Let x = 2^tt an d ^7 = 1,2, ... For y G C v , we have 

- < x||w|| < 1, 

this gives using (3.8) and the property of the function <j>, 

\F k f{y)\ p 'w k {y)d y y < c £y/)(_L). (3.9) 

Now, take g € G v Applying Holder's inequality, it follows from (3.2) 

p-ip+i 

and (3.9) that 

g{y)\Fkf{y)\ q Wk{y)dy 

\Fkf{y)\ p 'w k (y)dy\ (J^ g~P~v (y)w k {y)dy\ 

< CK ^2- r >^ +d) ul k (f)(^)j c g(y)w k (y)dy. 
Then, we deduce 

/ g(y)\J r kf(y)\ q w k (y)dy 

J \\V\\>2 

+oo -. „ 

< c k p/ E 2 '^ (2l+d) <k(f)(^T) / 9(y)My)dy. 

^ v =l Z Jc v-i 

As in the proof of Theorem 3.1, using the monotonicity of u P;k (f)(x) in 
x > 0, we conclude that 

/ g(y)\Mf)(y)\ q My)dy <c f g(y)\\y\\-^^l k (f)(-^)w k ( y )d y , 

J\\y\\>2 J\\y\\>l WW 

where C = c constant depending only on p and q. This completes 

p'-i 

the proof. □ 
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Remark 3.1 As consequence, from Theorem 3.2, we deduce in the partic- 
ular case when g = const and f G L^(M d ) satisfying 

u> P ,k(f)( x ) ^ 
sup — 3 < +oo, 

x>0 XP 

similar results to those obtained in corollary 3.1. 

Remark 3.2 It was shown in [2, Theorem 3.1] that the Dunkl transform is 
a continuous map between a class of Besov spaces and Herz spaces. 



4 Boundedness of the Cesaro operator on Herz 
spaces 

In this section, we provide necessary and sufficient conditions for the gener- 
alized Cesaro operator to be bounded on Herz spaces. Before, we start 
with some useful lemmas. 

Lemma 4.1 Let 1 < q < oo. If f be a non-negative measurable function 
on [0, 1], then 

'/)'< f >• (4-1) 
o 7 Jo 

Lemma 4.2 (see E. F. Beckenbach and R. Bellman [6]) Let 1 < q < oo. If 

f be a non-negative measurable and concave function on [0, 1], then 

/)' rM /«■ (4.2) 

7 25 J o 

Theorem 4.1 Let (3 > 0, 1 < p < +oo, 1 < q < +oo and ip be a real- 
valued non-negative measurable function defined on [0, 1] . Suppose that t i-> 
£-(27+d)(i--)^-j ^ a concave f unc ti on n [0, 1], then the generalized Cesaro 
operator can be extended to a bounded operator from H^'q into itself if 
and only if 

fi 



/ 

Jo 



t P- { 2 1+m -l)^ m < +Qo _ (4 _ 3) 



Moreover, when (4-3) holds, the operator norm \\C V \\ of on Hp'q satisfies 
the following inequality 



Jo Jo 
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with c^ = 2 (1 -i ) (l + i)(l + 2' 3 ) 



Proof. Let (3 > 0, 1 < p < +oo, 1 < q < +oo and / G H$£. 

Suppose that (4.3) holds. Using the Minkowski inequality for integrals 
and the homogeneity of degree 27 of w k , we get 



\\(C v f)Xj\\ P ,k = (j A \jj{- t )t^ +d ^(t)dt^w k {x)dx)y 

< [\f \f{j)\ p w k (x)d X yt-^ +d ^{t)dt 

= fit., . \f(u)\ p w k (u)d U )h-^ +d ^ V (t)dt 



Put ip(t) = t ^ l+d ^ 1 l)(p(t), t G (0,1). Since for each t £ (0,1), there 
exists an integer m such that 2 m_1 < t < 2 m , then we obtain 



\\Kf)Xj\\ P ,k < ^(ll/Xi-mlg.fc+ll/Xi-m+lllW^Wrft 

< f (WfXj-m\\p,k + \\fXj-m+l\\p,k)^{t)dt. 
JO 

Using (4.1), it follows that 

+00 

£ 2^\\(C v f) Xj \\ 9 p , k 



j=-oo 



+00 „1 1 

< [ £ 2 ^( / (||/x J --m|Ufc + ||/Xj-n»+llUfc)V'(*)dt) ] ? 

j=-oo 

+00 1 1 

< ( ytoj ( ||/ Xj _ m || Pife + ||/ Xj _ m+1 || M )^ 9 (^)% 



J=-0O 
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which gives 

+00 

( £ 2^ii(^/) Xj n;, fe ) ; 

3=-oo 



+00 ,.\ 1 

< 2 X -i( ^ / 2^(||/^- m ||^ + ||/x,- m+ i||^)^(^)^ 

j=-oo 

„1 +00 1 
j=-oo 

„1 +00 1 

+ 2l ^(/ E a^^ll/xj-m+ili;,^™- 1 ^ 9 ^)*) 5 



< 2 1 " 



Then from (4.2), we have 

+00 

( £ 2^n(c v /) Xj -ii; )fe ) 



j=-oo 

+00 1 „1 



< 2 1 ^(l + -)( £ 2^\\f Xj \\l k y I (2™e + 2(™-W)mdt 

Q j=-oo 

2 1 " (1 + -)(! + 2^) ^ E 2 ^II/Xill^)'- 



J=-0O 



Hence we deduce that 



Jo 



where c q3 = 2 (1 + ±)(1 + 2^). 

Conversely, assume that the generalized Cesaro operator C v is bounded, 
then for / G flgf, 

+00 1 +00 1 

( £ 2^||((V) X ,H^) 5 < ||^||( £ 2^||/ X ,||^) 5 . (4.4) 

j = — OQ j = — OD 

For any e 6 (0, 1), we set 



Mx) 



' ikir {/3+£+2 ^ ) if in > 1 

otherwise, 
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then for j = 0,-1,-2,- •• , \\f £ Xj\\ P ,k = 0, and for j G N\{0}, it follows 
from (2.1) and (2.2) that 

WfeXjWU = [ \\x\\-^ +2 -^K k (x)dx 
= / w k (y)da(y) C r -(^)p-^dr 

2(/3+e)p — If 2^ +e ^ p — 1 

where C £ = — / w k (y)da{y) = — d k . 

{(3 + e)p J S d-i (P + e)p 

Hence, it yields 

+oo 



J'=l 

i +°° N I 

a ( e 2 ~ j£q ) q 



j=-oo j=l 



i=i 

l o^^e 

= C/ r, (4.5) 

(1 - 2-i £ )~* 



thus f £ G i^p,'g fc . Now, it's easy to see that 



cMx) = f x \fy-^ 2 ^h-^^ m 

Jo 1 

= \\x\\-^ +e+ ^ [ M t^-^ +d ^^(t)dt. 
Jo 

Recalling that ip(t) = r (27+d)(1_ ? V(t), * G (0, 1), we get 
E 2^||(^/ £ ) Xj ||^ 



J = -0O 



= y 2^[ / (iixir (/3+e+ ^ } /** t^mdtYw^cL 

-hoo « /* 1 1 ^ 1 1 

l -/imi>i Wo ' 

^(^t) 5 ^2^( / iixir^+^^^x)^)^. 

.7 — 1 3 
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It follows from (4.5) that 

( £ ^ q \\Kfe)xX, k ) q > A t^ md A 

thus combining this inequality with (4.4) and (4.5), we can assert that 



\\c v \\> /V +£ - (w)(1 -^V(t)^ 

Jo 



which implies when e — > 



Jo 



This completes the proof of the theorem. □ 
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